The electronic properties of the quarter-filled extended Peierls-Holstein-Hubbard model that includes lattice distortions and molecular deformations are investigated theoretically using the bosonization approach. We predict the existence of a wide variety of charge-elastic phases depending of the values of the Peierls and Holstein couplings. We include the effect of the Peierls deformation in the nearest-neighbor repulsion V , that may be present in real materials where Coulomb interactions depend strongly on the distance, and we show that the phase diagram changes substantially for large V when this term is taken into account.
I. INTRODUCTION
The electronic properties of the low dimensional interacting electron systems have attracted great interest for many different reasons, the main being that they are simpler to analyze than higher dimensional ones and they could then be used to gain some insight on their higher dimensional counterparts. Typically this connection can be envisaged by coupling many 1D systems to build up a higher dimensional array. They are also interesting on their own since many materials show a quasi-onedimensional behavior in a certain range of temperatures where higher dimensional couplings can be neglected. A third motivation to study 1D systems comes from the very exciting cold atom systems which provide a test laboratory for many important theoretical developments already done and also motivates further analysis that could be in principle directly tested in real systems. In particular, and in connection with real materials, quarter-filled systems have received a lot of attention since they are very good candidates to describe the so called organics charge transfer salts like the Bechgaard salts (TMTSF) 2 X or (TMTTF) 2 X whre X=PF 6 , AsF 6 1 . The Hubbard model is the basic model for understanding the electronic properties of these quasi 1-D organic conductors and in some cases, lattice deformations could play a central role. In addition to this, in crystalline materials where the building block of the crystal structure is a large molecule, the vibrational properties of the molecules often have large effects on the electronic properties of the material 1 . These materials exhibit a variety of electronic states with spatially inhomogeneous charge, spin and lattice structures.
Several experimental studies have shown clear evidence for the existence of charge order 2, 3, 4, 5, 6, 7, 8, 9, 10 in organic charge transfer solids and this has stimulated considerable theoretical efforts 11, 12, 13, 14, 15, 16, 17, 18 . These materials involve Coulomb repulsion, both on-site and between nearest-neighbors (U , V respectively) and are 1/4-filled. Due to the nearest-neighbors Coulomb repulsion, it is expected that in these materials a charge ordering Motivated by the previous discussion we study, using the Abelian bosonization approach and a semiclassical analysis of the effective theory, the ground state phase diagram of the Peierls-Holstein-Hubbard model including the effects of the Peierls deformation in the nearestneighbor Coulomb interaction V . We show that the ground state at zero temperature indeed favors several period two and period four distortion patterns, stemming from a competition between elastic and chargespin energy. These patterns spontaneously break translational symmetry, with different phases depending on the Coulomb interaction strengths U and V and on the value of the spin-phonon couplings. A rich phase diagram is obtained, including all the combinations of Charge Order and 2k F − 4k F deformations as a function of the spinphonon couplings.
When the effect of the Peierls deformation in the nearest-neighbor Coulomb interaction is not considered, our analysis reproduces previous results obtained with numerical methods 19 . The main novelty in our treat-ment is the inclusion of a nearest neighbors Coulomb repulsion V which depends on the distance between adjacent ions and hence depends on the lattice distortions. The phase diagram then changes substantially indicating that this variation on V should not be neglected in comparing to experiments. Our analysis allows for a description only at a qualitative level, but it has the advantage of being easily generalizable to include other perturbations as longer range Coulomb interactions, to treat arbitrary filling fractions, to add an external magnetic field, etc. The paper is organized as follows. In Section II we present the model and its analytical treatment. The phonon sector is described in the adiabatic approximation by classical static deformations and we analyze the possible patterns. In Section III, we use the bosonization approach to represent the electrons operators in terms of bosons and analyze the effective description by considering all the relevant perturbation terms as semiclassical potentials. We draw a qualitative phase diagram with from analisys. Special emphasis is put on the characterization of the ground state phases that result from the combination of charge-spin degrees of freedom and elastic effects in different parameter ranges. Finally, in Section IV we present a summary and conclusions of the present work.
II. MODEL HAMILTONIAN
We consider a 1D extended Hubbard model with Hamiltonian given by
where c j,σ denotes the annihilation operator of an electron with spin σ(=↑, ↓) at the jth site, and n j = n j,↑ + n j,↓ is the charge density with n j,σ = c † j,σ c j,σ . t i,i+1 is the hopping integral, the parameters U (> 0) and V j,j+1 (> 0) denote the magnitudes of the on-site and nearest neighbor interactions and β j represents the internal molecular deformation. We focus on the The interaction of the charge degrees of freedom in a homogeneous Hubbard chain (t j,j+1 = t) with phonons is usually modeled by a linear expansion of the exchange couplings around the non distorted values t, t j,j+1 ≃ t(1 − g P δ P,j ) where δ P,j is the local lattice distortion and g P is the electron-phonon interaction. On the other hand, local deformations of the molecules can produce changes of the on-site (or molecular) orbital energies and can simply be taken into account by a Holstein term
where g H is the electron-phonon coupling constant of the on-site type (in Eq. (1) we change β j → g H δ H,j ). In addition to the purely electronic terms in Eq. (1) and unlike previous analysis, we include the effects of the Peierls deformation in the nearest-neighbor Coulomb interaction V that may be important when the Coulomb interaction between two sites r i and r j is exponentially short ranged, i.e. exp[−α|r i − r j |]/r ξ . Specifically, we perform a linear expansion of the V j,j+1 couplings around the non distorted values V ,
where g V is the coupling constant which measures the effects of the bond deformation on the Coulomb repulsion. The complete Hamiltonian, including the elastic energy in the adiabatic approximation, is written as
where the parameters K H and K P are the conventional elastic constants for the on site deformation and the lattice distortion, respectively. Now, we consider the lattice deformations. At quarterfilled ( n i = 1/2) the most general period four lattice deformations without collective displacement, can be parametrized as
where x j is the position of the j − th site (lattice constant a has been set to one), and the phases ξ and ζ determine the spatial patterns of tetramerization δ P,t and δ H,t respectively, while δ P,d and δ H,d are the amplitude of the dimerization in the lattice distortion and the intrasite electron-phonon deformation. This parametrization is the most general supported by bosonization, as such a deformation is commensurate. Period four deformations cause commensurability of relevant perturbations at n i = 1/2 and provide a mechanism for a charge gap in this regime 20 . Numerical evidence of the dominance of period four lattice deformations has been obtained from self consistent computations 19 . A uniform deformation, leading to global size change, can also appear; this would produce a uniform shift in t and V , which is inessential to our present analysis. Before analizing the case g V > 0, we summarize all previous numerical results in the 1/4 filled case with g V = 0. When g P = g H = 0 and U → ∞ there exists a critical value of V (V c = 2 t) for the appearance of a 4k f Charge-Density-Wave if V > V c Fig. 1(c) . For V < V c the extended Hubbard model corresponds to a Luttinger liquid (LL) with no charge order. For finite U , the value of V c has been calculated withing strong coupling perturbation theory 22 and numerical methods 23 . For small positive g P and g H , and V < V c, the ground state has a dimerized 4k F Bond-Order-Wave (BOW) with uniform site charges Fig. 1(a) . If g P is sufficiently large (g H fixed), there is a superposition of the 2k F and 4k F BOWs accompanied by the • − • − o − o charge order. This state correspond to the Bond-Charge-DensityWave state (BCDW) Fig. 1(b) . On the other hand, at large g H and small g P , a 4k F CDW is found, with uniform bonds Fig. 1(c) . If we increase g P , the ground state becomes the 4k F CDW-2k F SP, where the charge order
is accompanied by a 2k F lattice distortion Fig. 1(d) . For V > V c, the 4k F BOW phase is diminished due to the strong Coulomb repulsion V and phases with charge-order dominate the phase diagram. In this work we present new results for a 1/4 filled band including the electron-phonon interaction (Peierls and Holstein couplings) and lattice deformations in the nearestneighbor Coulomb interaction V that has not previously been studied. We show that this term may change substantially the phase diagram for large V .
III. BOSONIZATION APPROACH AND SEMICLASSICAL ANALYSIS
In order to analize semi-quantitatively the low energy properties of the model given by Eq. (3), we use the Abelian bosonization method which is generally powerful for the description of one-dimensional chains (for further details see Ref. 20, 21, 24, 25, 26 ). Dimensionless parameters, are used below. They are introduced using t as the energy scale as follows:
. To obtain the corresponding low-energy, we write the fermion operator as
where k F,σ are the Fermi momenta for up and down spin electrons and φ R,L,σ are the chiral components of two bosonic fields, introduced as usual in order to bosonize the spin up and down chiral fermion operators ψ R,L,σ . The dots stand for higher order terms 20 . They take into account the corrections arising from the curvature of 
+ ε ′′ with bond orders 2kF > 4kF . the dispersion relation due to the Coulomb interaction. For non-zero Hubbard repulsion U and V , the low energy effective Hamiltonian corresponding to (3) written in terms of the bosonic fields φ ↑ and φ ↓ has a complicated form, mixing up and down degrees of freedom. We define φ σ = φ R,σ + φ L,σ and introduce linear conbinations of φ σ to describe the charge and spin degrees of freedom,
Then, we can rewrite H = L 0 dx H as (at h = 0):
where
plus several vertex operators that are kept only when they are commensurate (non-oscillating in space) and constitute relevant perturbations to the Gaussian conformal field theory. In Eqs. (8) and (9) φ c and φ s are the charge and spin fields respectively, θ c,s are the dual fields defined by ∂ x θ c,s = ∂ t φ c,s and the phases ξ and ζ determine the spatial patterns of the tetramerization (see Eq. (4)). The parameters v c and v s are the velocity of the charge and spin excitations, and K c and K s are the corresponding Tomonaga-Luttinger parameters. From the perturbative calculation presented in 27 the coupling constants are given byg
where α is some numerical constant. Besides,
The Eq. (9) is the bosonic self-interaction potential defining a Multi-sine Gordon theory. Extensive analysis of the competition between different harmonics in multi-frequency sine-Gordon theories have been performed in 28, 29, 30 , mainly focused on the double sineGordon model. The three-frequency case has also been recently discussed in 31, 32, 33 . For our purposes it will be enough to perform a semiclassical treatment, as detailed in the next Section.
In order to perform the semiclassical analysis of the ground state and present a schematic phase diagram, we use the bare coefficients in Eq. (9) and we assume the qualitative phenomenological dependence of the coupling constantsg 1/4 ,g s and λ ′ s on the microscopic parameters as in 10.
The aim of the present work is to search for the possibility of elastic deformations that lower the energy with respect to the homogeneous non-deformed case. The simplest analysis of the effective theory Eq. (7), (8) and (9), which has proven to be useful in related cases 32, 33, 34, 35 , consists in treating the self-interaction terms in Eq. (9) as a classical potential to be evaluated in constant field configurations. Within this approximation the energy per site depends on four configuration parameters,
so that the minima can be found analytically. In the previous expression, φ c and φ s are the charge and spin fields, and the phases ξ and ζ determine the spatial patterns of the tetramerization. Our results on coupled Holstein-Peierls-Hubbard chain are summarized in Fig. 3 . First, we consider the casẽ g V = 0. From the perturbative calculation, the coupling g 1/4 is positive for small V but becomes negative for large V . Wheng 1/4 > 0, the phase variable φ c is to be fixed at φ c = π/4, while forg 1/4 < 0, φ c = 0.
Let us consider finite values ofg P andg H . In Fig.  3(a) we have setg 1/4 > 0 (or U > 4 V ), and we increasẽ g P from zero (for fixed smallg H ). Unlike what has been found numerically in 19 (where no distortion patterns were favored, probably due to finite size effects), the phases (φ c , φ s ) are locked in (
2 ) (independently of ξ, ζ). In this case, the ground state becomes the 4k F BOW while the site charge density remains uniform ( n i = 1/2), the bond-order is now inhomogeneous and has the form shown in Fig. 1(a) . Forg P larger than a critical values
, π) and the BCDW depicted in Fig. 1(b) becomes the ground state. Hence the bond-order pattern now is t(1 + α), t(1 − α ′ ), t(1 + α), t(1 + α ′′ ) and the charge order follows the o − • − • − o pattern. Now consider the situation wheng H reaches a critical valueg c H (g P ). In that case, (φ c , φ s ) = (0, π 2 ) (independently of ξ, ζ) and the 4k F CDW with • − o−•−o charge order and uniform bond order becomes the ground state Fig. 1(c) . The SP distortion, which corresponds to the 4k F CDW-2k F SP state (shown in Fig. 1(d) occurs only for large values ofg H andg P ≈ 0.8. In this case (ξ, ζ, φ ρ , φ σ ) = ( π 2 , π, 0, π). In Fig. 3(b) we can see several important trends wheñ g 1/4 < 0 (or V > U/4). First, the size of the 4k F BOW region decreases considerably with decreasingg 1/4 < 0, showing that it takes stronger e-ph coupling to overcome the "natural" tendency towards • − o − • − o charge order for smallg P . For the same reason, the sizes of the 4k F CDW and 4k F CDW-2k F SP regions increase considerably wheng 1/4 is negative. Next we examine the effect ofg V . Wheng V = 0.2 andg 1/4 < 0, we can see that the 4k F BOW region "disappears" and for g P 1.5 the new phases 4k F CDW-4k F SP and 4k F CDW-4k F SP + 2k F CDW-2k F SP dominate. Unlike the previous case withg V = 0, in the these phases, there is now a small dimerization in the bonds ( Fig. 1(e) and Fig. 1(f) ).
IV. SUMMARY AND DISCUSSIONS
We have investigated the electronic ground-state phase diagram of the one-dimensional Hubbard model at quarter filling with on-site (U ) and nearest-neighbor (V ) Coulomb repulsion coupled to adiabatic phonons that includes Holstein and Peierls interactions. In addition to the conventional terms, we have included the effects of the Peierls deformation in the nearest-neighbor Coulomb interaction V that may be important when the Coulomb interaction between two sites r i and r j is exponentially short ranged, i.e. exp[−α|r i − r j |]/r ξ (α, ξ > 0). We have used Abelian bosonization to analyze the low energy properties of the model and we have performed a semiclassical analysis of the bosonized effective theory to identify the possible phases of the ground state. We have found that several charge orders combined with lattice deformations describe the ground states of the system depending on the microscopic parameters U, V and the spin-phonon couplingsg P ,g H andg V . In each of these phases a non trivial elastic deformation is favored, grouping together blocks of two or four sites, while the charge sector adopts different charge orders. A detailed analysis for particular values ofg V , shows the following phases at zero temperature:
• For U > V (g 1/4 > 0),g V = 0 and for small and nonzerog P andg H , the ground state has a dimerized 4k F Bond-Order-wave (BOW) with uniform site charges Fig. 1(a) . Ifg P is sufficiently large (g H fixed), there is a second dimerization of the dimerized lattice, leading to the BCDW state (a superposition of the 2k F and 4k F BOWs), accompanied by the • − • − o − o charge order Fig.  1(b) . On the other hand, at largeg H and small g P , a 4k F CDW is found, with uniform bonds Fig.  1(c) . If we increaseg P , the ground state becomes the 4k F CDW-2k F SP, where the charge order • − • − o − o, is accompanied by a 2k F lattice distortion Fig. 1(d) .
• For V > U (g 1/4 < 0), the 4k F BOW phase is diminished due to the strong Coulomb repulsion V and phases with charge-order dominate the phase diagram Fig. (3) .
• For V > U (g 1/4 < 0),g V > 0, the 4k F BOW disappears because the Coulomb interaction between nearest-neighbor is increased due the Peierls deformation. The CDW's phases has a small contribution of 4k F BOWs combined with the original 2k F , giving rise to two new phases: 4k F CDW-4k F SP and 4k F CDW-4k F SP + 2k F CDW-2k F SP
In conclusion, we have argued that the coexistence of charge order and lattice distortions is dominated by 4k F BOW, BCDW forg 1/4 > 0. On the one hand, wheñ g 1/4 < 0, the 4k F CDW and 4k F CDW-2k F SP dominate ifg P <g c P , Fig. 3(b) ; forg P >g c P the BCDW phase dominate. On the other hand, when the phonon-lattice coupling,g V is taken into account (only forg 1/4 < 0 because is necessary V > U ), two new phases that we named 4k F CDW-4k F SP and 4k F CDW-4k F SP+2k F CDW-2k F SP (Fig. 1(e) and Fig. 1(f) respectively) dominate the phase diagram. These phases differ from the original 4k F CDW and 4k F CDW-SP, in a small dimerization in the bonds,δ P,d and a small contribution of 2k F CDW in the last one. Numerical analysis of the present system including Peierls deformations in the nearest-neighbor coulomb interaction would be helpful in order to determine the phase boundaries quantitatively. We hope that our predictions will stimulate further X-ray or neutron scattering experiments on compounds like Bechgaard salts. They should be able to distinguish the different distortion patters predicted here. Since the effects of the Peirels deformations in the nearest-neighbor coulomb interaction is proportional to V (see Eq. (1)), we expect that the effects of this term will be more important in compounds where V is larger.
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